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Abstract- It is appropriate to select supporting in the 

form of formations consisting of soil-filled cylindrical 

panels when bridges over the mountain rivers. These 

supporting should be constructed such that one of the 

control lines would stand against the river flow. Under 

the action of the river flow there happens a vibrational 

process in this construction. The present paper was 

devoted to the study of natural vibrations of such 

supports. 
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1. INTRODUCTION

Note that [1] was devoted to one of dynamical 

strength characteristics, the frequency of natural 

vibrations of the retaining wall consisting of two soil-

contacting, orthotropic cylindrical shells reinforced with 

discretely distributed annular rods.  A problem of natural 

vibrations of a retaining wall consisting of two 

orthotropic, viscous-elastic soil-filled cylindrical shells 

reinforced with discretely distributed longitudinal rods 

was solved in [2]. In his papers V.Z. Vlasov [3] studied 

retaining walls and hydrotechnical installations obtained 

with using three thin-walled granulated medium filled 

spatial constructions lying on an elastic foundation.   

E.K. Agakhanov and A.I. Akayev [4] obtained the 

solution for a triangular section retaining wall with regard 

to soil pressure and volume forces of filtration on the 

vertical side of the wall.     

N.M. Sitko offered joint consideration of retaining of 

wall displacement and deformation of foundation. His 

results are in [5]. The influence of soil with horizontal 

surface on vertical plane smooth wall of the retaining 

wall was considered. N.M. Snitko supposed that in the 

elastic equilibrium state, in soil there appears a sliding 

plane and this looks like the Coulomb theory. In [6] L.M. 

Yemelyanov considered substantiation of stability of 

deep supports in the spatial system. In calculations, in 

addition to normal tangential pressures of soils, the 

reaction on the bottom was taken into account. In 

majority of cases, the rules for calculating some supports 

connected with anchors were given.  

The problems of connection of concave shells with 

contour constructions were solved in Kh.R. Seyfullayev’s 

papers [7-11]. The solutions of differential equations of 

moment theory of concave shells under arbitrary 

boundary conditions were tired. Stability and free 

vibrations of a structed functionally-graduated cylindrical 

shell subjected to temperature boundary conditions were 

analyzed in [12]. Ref. [13] studies statically deformations 

of retaining walls of spatially-building structures formed 

by cylindrical shells made of isotropic material.

 
Retaining walls consisting of three different isotropic 

materials in a plane strain state were analyzed in [14]. 

The problem was reduced to the solution of ordinary 

differential equations and analytic solution was obtained. 

Ref. [15] was devoted to development of a technique for 

calculating cylindrical shells made of isotropic material 

with regard to compression and sliding in a contact 

surface. Calculations and studies were carried out based 

on the moment theory of cylindrical shells. Analysis of 

the executed works shows that during the construction of 

retaining walls, the stiffened cylindrical shells were not 

used and the soil reaction was not taken into account. 

The present paper is devoted to the study of one the 

dynamical strength characteristics, the frequency of 

natural vibrations of a vertical support consisting of three 

orthotropic, soil-filled cylindrical panels strengthened 

with discretely distributed longitudinal rods. Using the 

Hamilton-Ostrogradsky variational principle for finding 

frequencies of vibrations of a vertical support, a 

frequency equation was structured, its roots were found 

and influence of physical and geometrical parameters 

characterizing the system, were found. Accounting of 

joint work on the contact line of three cylindrical panels 

is accepted as contact conditions. 

2. PROBLEM STATEMENT

In order to apply the Hamilton-Ostrogradsky 

variational principle, we write the total energy of the 

vertical support under investigation. Since the vertical 

support consists of three shells of cylindrical form with 

open contour and stiffened elements, their number vary. 

Furthermore, from the inside the construction is in 

contact with soil (Figure 1a).  
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We write potential and kinetic energies of cylindrical 

shells [15]: 
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where, 1i =  corresponds to the first cylindrical shell, 

2i =  to the second cylindrical shell, 3i =  to the third 

cylindrical shell constituting vertical riser (Figure 1); 

, ,i i iu w  are displacements of ribs, ,i iR h are the radii 

and thickness of cylindrical shells, 11 22 12 66, , ,i i i ib b b b are 

the main module of elasticity of orthotropic material, 

1 2,i iE E are module of elasticity in the direction of 

coordinate axis ix  and ,i  respectively, 1 2,i i  is a 

Poisson ratio, 

Figure 1. Cylindrical shell constituting vertical riser 

where, 11 22 12 66, , ,i i i ib b b b are expressed by 1 2,i iE E  and 
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surface of cylindrical shells constituting retaining walls. 

Influence of soil on cylindrical shells is replaced by 

external forces , ,xi yi ziq q q . The work performed by these 

forces when displacing the points of open cylindrical 

shells, is of the form: 

( )
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We write total energy of rings used in strengthening 

[16]: 
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It is assumed that the condition of rigid contact 

between the shell and rods are satisfied [16]: 
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In Equations (3), (4), 1i =  corresponds to the first 

cylindrical shell, 2i =  to the second cylindrical shell, 

3i =  to the third cylindrical shell constituting the vertical 

riser, , ,ji ji jiu w are the displacements of the points of 

rods used in strengthening, jiF  are the areas of cross-

sections of the jth rod fastened to the shell in circular 

direction, jiE are modules of elasticity when stretching 

the rod fastened to the cylindrical shell in the circular 

direction, ,xji zjiJ J  are inertia moments of the jth rod with 

respect to the axis passing through the gravity center of 

cross-section, kpjiJ are the inertia moments when twisting 

the jth rod, t is time, ik  is the amount of rods used in 

strengthening, 
i
jiH  is the distance from the axis of the jth 
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rod to the surface of the cylindrical shell, ji  is density 

of the material of the jth rods, ,ji kpji   are turning and 

twist angles of the cross-section of the jth rod and are 

expressed by the shell displacement in the following 

form: 

( ) ( )1 ,
ji

i
kpji i ji i xi x

i

w
x

x
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= = −



by the shell displacement in the following form: 

     As a result, we get the total energy of the system in the 

form: 
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The external forces , ,xi yi ziq q q  of the shell acting on 

cylindrical shell and contained in Equation (2) will be 

taken in the form: 
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where, ,i sip k are rigidity factors of soil under 

compression and sliding, respectively, ( ) tt Ae − =  is a

relaxation core, ,A  are constants.  We add contact and 

boundary conditions to Equations (2) and (5). Assume 

that the cylindrical shell is elastically connected, i.e. in 

the contact (along the line AB,CD,EF)  the following 

conditions are fulfilled. 

21 1

21 1

1 2 0

1 2 0

( ) ( )

( ) ( )

w x w x

x x

 

 
 

==

==

=

=

21 1
1 2 0( ) ( )u x u x   ==

=

21 1

1 2
0

( ) ( )w x w x

x x
  ==

 
=

 
(7) 

32 2

32 2

2 3 0

2 3 0

( ) ( )

( ) ( )

w x w x

x x

 

 
 

==

==

=

=

32 2
2 3 0( ) ( )u x u x   ==

=

32 2

32
0

( )( ) w xw x

x x
  ==


=

 

13 3

13 3

3 1 0

3 1 0

( ) ( )

( ) ( )

w x w x

x x

 

 
 

==

==

=

=

13 3
3 1 0( ) ( )u x u x   ==

=

13 3

3 1
0

( ) ( )w x w x

x x
  ==

 
=

 

       It is accepted to assume that cylindrical shells are 

reliably fixed on ideal diaphragms on the lines 0x =  and 

x a= , this time boundary conditions are expressed as 

follows: 

1 10, 0, 0, 0i i i iw T M = = = = (8) 

where, 1 1,i iT M  are the forces and moments acting on 

cross-sections of cylindrical shells (Figure 1). 

Using the Ostrogradsky-Hamilton stationarity 

condition determining the vibrations of vertical risers, 

created by the connection of cylindrical panels, we can 

get the frequency equation 

0W = (9) 

where, 
1

0

t

t
W dt=   is Hmailton’s action. If in the

equality 0W = we execute the variation operations and 

taking into account that independent variables 

1 1 1, ,u w    are arbitrary for finding frequencies of free 

vibrations of vertical risers obtained by connection of 

cylindrical shells dynamically contacting with soil, we 

get a frequency equations Thus the solution of the 

problem of vibrations of vertical risers obtained by 

connection of cylindrical shells dynamically interacting 

with soil is reduced to joint integration of total energy of 

the structure (5) under contact conditions (7) and 

boundary conditions (8). 

3. PROBLEM SOLUTION

We look for displacement of the points of cylindrical 

shells in the form: 

( )0 1 1sin cos sin sini i i i iu u n n t   = +

( )0 1 1sin cos sin sini i i i in n t     = + (10) 

( )0 1 1sin cos sin sini i i i iw w n n t   = +
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1 01, ,  ,i
i

x
t t n

a
  = =  are wave numbers of cylindrical 

shell in direction of generatrix and circular direction, 
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Using solutions (10) from the contact condition (7) 

we express the coefficients 02 02 02, ,u w  and 03 03 03, ,u w  

by the constants 01 01 01, , :u w  

( )02 01 1 1cos sinu u n n = +  

( )02 01 1 1cos sinn n   = +

( )02 01 1 1cos sinw w n n = +  

( )( )03 01 1 1 2 2cos sin cos sinu u n n n n   = + +

( )( )03 01 1 1 2 2cos sin cos sinn n n n     = + +

( )( )03 03 1 1 2 2cos sin cos sinw w n n n n   = + +

Note that the following conditions should be fulfilled 

( )( ) ( )1 1 2 2 3 3cos sin cos sin cos sin 1n n n n n n     + +  + =
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Substituting solution (10) in (5), taking into account 

the expression of the constant 02 02 02, ,u w  and 

03 03 03, ,u w through the constant 01 01 01, ,u w the total 

energy (5) we get a second order polynomial with respect 

to 01 01 01, ,u w : 

2 2 2
11 01 22 01 33 01 44 01 01 55 01 01 66 01 01u w u u w w         = + + + + +

The expressions for the coefficients 

11 22 33 44 55 66, , , , ,     
 are bulky and we do not give

them here. 

If we vary the expression   along the constants 

01 01 01, ,u w and equate to zero the coefficients of 

independent variables we get the following system of 

homogeneous algebraic equations 
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Since the system (1) is a homogeneous system of 

linear algebraic equations, a necessary and sufficient 

condition for its nonzero solution is the equality of its 

main determinant to zero. As a result, we get the 

following frequency equation 

11 44 55

44 22 66

55 66 33

2

2 0

2

  

  

  

=  (12) 

We write equation (12) in the form: 
2 2 2

11 22 33 44 55 66 55 22 66 11 44 334 0           + − − − =  (13) 

4. NUMERICAL RESULTS

Equation (13) was calculated by the numerical 

method. The parameters contained in the solution of the 

problem were taken as: 
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The results of calculations were given in Figure 2 in 

the form of dependence of frequency parameter 1  on 

1,  in Figure 3 on the ratio 1/ ,a R in Figure 4 on the 

amount of lateral rods on the surface of the first cylinder. 

As can be seen from Figure 2, when the angle 

increases, the value of the frequency parameter also 

increases. As the length of cylindrical shells increases, as 

can be seen from Figure 3, the value of frequency 

parameter decreases. The value of frequency parameter 

increases due to increase of orthotropic properties of the 

cylindrical shell. As can be seen from Figure 4, 

frequencies of natural vibrations of retaining walls 

increase with increasing the amount of rods. 

Figure 2. Dependence of frequency parameter 1 on 1

Figure 3.
 
Dependence of frequency parameter a/R1 on the ratio 1 

Figure 4. Dependence of frequency parameter 1
 on the amount of 

lateral rods k1
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