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Abstract- The increasing needs of the industry involved 

in development of components for aerospace and power 

sector demand the engineering community to develop 

new concepts and strategies to improve the functional 

requirements of structures and to enhance the strength of 

materials. This is particularly essential in the cases of 

rotating beams that are subjected to severe vibration 

under large pressure loadings, high rotating accelerations, 

centrifugal forces, geometric stiffening, etc. The current 

study aims to model a 3D printed functionally graded 

material beam with variable internal filling patterns along 

its longitudinal axis, and numerically investigate the 

effect of filling percentage and rotational speed on the 

fundamental frequency of a cantilever beam. The intent 

of this work focuses on the ability of using 3D printing 

process to print a functionally graded material beam and 

investigate the best distribution of internal ribs within the 

beam. The natural frequencies of 3D printed solid beam 

and proposed functionally graded beam were compared, 

it was observed that 3d printed functionally graded beam 

has higher natural frequencies than a solid beam 

subjected to same conditions like dimensions and 

rotational speeds. Results showed that the prestress has 

big effect on the fundamental frequency. An 

improvement of more than 33% in fundamental 

frequency can be obtained with functionally graded 

material beam compare with solid beam from same 

material. 

 

Keywords: Beam Vibration, 3D Printing, Preload, FGM, 

Infill, Free Vibration. 

 

1. INTRODUCTION                                                                   

Helicopter blades, Centrifugal pump impellers, wind 

turbine blades are common applications for the high-

speed rotating structures and can be made of plastics. 

Modal analysis is an important aspect when designing 

and optimizing rotating structures, it is used to determine 

the natural frequencies and mode shapes of these 

structures. These structures can be treated as cantilever 

beams; and during rotation, inertial forces developed and 

create stresses which in turn affects the natural 

frequencies and mode shapes of the cantilever rotating 

beam. Increasing the rotational speed increases the 

natural frequency due to the change in beam dynamic 

stiffness [1-3]. 

Plastic parts can be manufactured by Injection 

molding or subtractive manufacturing. In the first 

method, plastic is inserted into a mold to form the 

required object which will be either solid or an empty 

object. In subtractive manufacturing, material is removed 

from the workpiece stock and the object is completely 

solid. The 3D printing is an additive manufacturing 

process where different materials like Polylactic acid 

(PLA), Acrylonitrile butadiene styrene (ABS) polymers 

can be used to create mechanical parts, prototypes, 

domestic products rapidly by extruding the material in an 

adjustable fashion layer by layer to form the part using 

controlled density and pattern [4]. 

Recently, beams made of functionally graded 

materials (FGMs) are developed; they are beams with 

variable properties along their thickness or along the axial 

direction. They are used in applications like space 

vehicles and aircrafts. Many researches were conducted 

in the past decade to study the dynamic behavior of FGM 

beams using different analytical and numerical methods 

to analyze different beams with different end supporting 

conditions [5-13]. 

In 3D printing and for few cases, objects are printed 

as solid parts because they consume large amount of 

printing filament and take longer time to print, therefore 

they are costly. On the other hand, 3D printed hollow 

objects are cheaper because they need less material and 

printing time but they are unsuitable for many 

applications as they are not strong and fracture easily 

under stress. In 3D printing, one can control the two main 

regions in the part: the external region (perimeter or wall) 

and the internal region within the part (Infill). Infill is the 

internal structure of the printed object; it is used to 

strengthen the hollow part and significantly affects its 

weight and flexibility. 

In 3D printed objects are influenced by different 

parameters like infill density, filling pattern, print speed, 

printing material, print temperature, and nozzle diameter 

[14, 15, 16]. Increasing infill density increases the tensile 

strength, the compressive strength and elastic modulus; 

on the other hand, increasing the infill density increases 

the printing time [17-21].  
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Infill patterns can be rectilinear, honeycomb, 

triangles, concentric, line, and other shape patterns. The 

complexity of filling pattern affects the printing time, 

increasing the number of perimeter shells may increase 

the strength and stiffness of the printed part, while 

increasing the layer thickness increases the mechanical 

strength [22-24]. The current work aims to investigate the 

effect of stress stiffening caused by the rotational speed 

on the fundamental frequency of a cantilever 3D printed 

beam using the numerical method. To obtain a 

functionally graded material beam, its inner part was 

filled with different manners. 

 

2. THEORY 

For beam element, the stiffness matrix for the first 

element is [25]: 

 
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where, 

E = Young’s modulus (N/mm2) 

I = Moment of inertia (mm4) 

L = length (mm) 

ρ = weight density (N/m3) 

A = Area (mm2) 

The stiffness matrix for the second element is: 
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The assembled stiffness matrix will be 

 
3
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and the assembled mass matrix: 
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The global matrix is: 

     2K M n−  (7) 

where, n is the number of elements. 

Substituting Equations (5) and (6) in Equation (7) and 

equating the determinant of the resulting matrix to zero 

will yields to the natural frequencies of the beam. It is 

obvious that increasing the number of elements and using 

assigning different moment of inertia and cross section 

area for each element will complicate the analytical 

solution. Therefore, it is common to obtain the solution 

by using the numerical approach. 

The exact solution for a solid cantilever beam is given 

by [25]: 

2
1 4

1.8751
EI

AL



=  (8) 

 

3. NUMERICAL MODELING 

A cantilever beam made of Acrylonitrile butadiene 

styrene (ABS) thermoplastic was modeled in Solid works 

2018. The beam was 400 mm long, 30 mm wide and 5 

mm thick. The ABS properties were (Elastic Modulus = 

2000 MPa, Poisson’s ratio = 0.394, Mass Density = 1020 

Kg/m3). Solid element was used to mesh the beam with 

element size equals 2.2 mm which gives 67167 nodes and 

33859 elements. To obtain the cantilever boundary 

conditions, the beam was fixed at one end and free at the 

other end as shown in Figure 1. 

To study the effect of internal filling pattern on the 

fundamental frequency, different beams were modeled 

with different parameters (wall thickness, rib thickness, 

rib location, rib number and rib length). For each model, 

three rotational speeds (2000, 2500 and 3000 rpm) were 

applied to the beam and the effect of the gravity as an 

applied load was taken in consideration to find out the 

effect of preload on the fundamental frequency. 

The 3D printed hollow beam is considered as it is 

consisted of three parts, a frame that is 3mm height, a 

base with 1mm thickness, and a cover with 1mm 

thickness as shown in Figure 2. The beam is fixed at one 

end and free at the other end. For each beam, the mass 

was obtained and converted into a corresponding infill 

percentage according to Equation (9). 

New beam mass
Infill% 100

Originalsolid beam mass
=   (9) 
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Figure 1. ABS cantilever beam model 

 

 
 

Figure 2. 3D printed hollow beam 

 

4. RESULTS AND DISCUSSIONS 
 

4.1. Case 1: Solid Model 100% Infill 

For the solid cantilever beam in its stationary state, 

the mass was 61.277 grams i.e., Infill = 100%, and the 

first five natural frequencies were 7.1106, 42.107, 44.52, 

124.57, and 165.56 Hz, respectively, these frequencies 

are in best agreement with the exact results given in 

Equation (8) [25]. The mode shape of these frequencies is 

shown in Figure 3. We will consider the fundamental 

frequency as it is the most important one. When applying 

the three different rotational speeds, the resulting natural 

frequencies, stresses, and beam deflections are listed in 

Table 1. 
 

Table 1. Variation of fundamental frequency, stress and deflection at 

different beam speeds 
 

 Rotation Speed (RPM) 

 2000 2500 3000 

f1 (Hz) 39.796 49.193 58.583 

Stress (N/mm2) 7.908 12.205 17.459 

Deflection (mm) 7.626 7.664 7.732 

 

Comparing the results for the stationary and rotating 

beams, we can notice a strong effect of rotation speed on 

the frequency (when the beam rotates at 2000 rpm, its 

fundamental frequency increases in about six times its 

value for the stopped beam, i.e., from 7.1106 Hz to 

39.796 Hz). The centrifugal force caused by rotation 

produces tensile stress in the beam which in turn leads to 

beam stress stiffening. For the rotating beam, the 

resultant stiffness is the sum of the stress stiffness and the 

beam elastic stiffness. The tensile stress produces positive 

stress stiffness; therefore, the resultant stiffness for the 

rotating beam is higher than that of the stopped one. 

Increasing the beam stiffness, in turn, increases the 

beam natural frequency. Increasing the rotational speed 

increases the inertial effects and in turn increases the 

stresses created in the beam which results in more 

increment in the beam natural frequencies and mode 

shapes. 

 
 

Figure 3. First five mode shapes for the solid cantilever beam 

 

4.2. Case 2: Effect of Wall Thickness 

In this case, five different frame wall thicknesses were 

considered 2.5, 5, 7.5, 10, and 12.5 mm. For each wall 

thickness the beam mass was obtained and converted into 

a corresponding infill percentage according to Equation 

(8). The effect of changing wall thickness on the 

fundamental frequency for the stationary beam is shown 

in Figure 4 and the effect of this change on mass, and 

beam infill percentage is listed in Table 2. 
 

 
Figure 4. Effect of wall thickness on fundamental frequency for 

stationary beam 
 
Table 2. Variation of mass and infill percentage with wall thickness for 

stationary beam 
 

Wall thickness (mm) 2.5 5 7.5 10 12.5 

Mass (gm) 31.02 37.37 43.56 49.61 55.5 

Infill (%) 50.7 61.0 71.2 81.0 90.6 

 

It can be noted from Figure 4 that increasing wall 

thickness decreases the fundamental frequency, this is 

due to the increase in the mass of the beam. The best 

result for this frequency was (8.97 Hz) which was 

achieved at 2.5 mm wall thickness. It can be concluded 

that decreasing the mass to 50.7% from the original beam 

mass provides an improvement in the fundamental 

frequency which equals (26%). 

For each thickness, the beam was subjected to the 

rotational speeds (2000, 2500, and 3000 rpm). Figure 5 

showed that stress and deflection are affected by wall 

thickness and rotational speed. Increasing wall thickness 

increases the mass of the beam and in turn increases the 

centrifugal force and tensile stress. 

When the beam is subjected to different rotational 

speeds, the fundamental frequency is inversely affected 

by the wall thickness and directly influenced by the 

rotational speed as shown in Figure 6. A wall thickness of 

2.5 mm was chosen for the printed beam because it gives 

the lowest stress, lowest deflection and the highest 

frequency. 
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Figure 5. Effect of wall thickness for hollow beam at different rotational 

speeds (a) Stress and (b) Deflection 

 

 

 
Figure 6. Effect of wall thickness on fundamental frequency for rotating 

beam at (a) 2000 RPM, (b) 2500 RPM and (c) 3000 RPM 

4.3. Case 3: Effect of Rib Thickness 

A transverse rib was added in this case at the mid 

length of the beam, its height was 3mm and thickness 

varies between 1.25 mm and 6.25 mm (step 1.25 mm). 

For not rotating beam, increasing the transverse rib 

thickness increases the mass of the beam therefore the 

fundamental frequency decreases as shown in Figure 7. 

The beast frequency value was 8.96 Hz which was 

obtained at 2.5 mm rib thickness. The mass of the beam 

becomes 31.212 grams, i.e., 50.94% infill. 

For the rotating beams, it was noted that increasing 

rib thickness and rotational speed increases the stress and 

beam deflection as shown in Figure 8. Also, increasing 

rib thickness and rotational speed increases the frequency 

as listed in Table 3. The increase in frequency due to 

thickness change is so small and it can be considered 

constant, so that we can conclude that increasing rib 

thickness has no effect on frequency. We will choose 2.5 

mm as rib thickness because it gives the lowest stress, 

lowest deflection and the highest frequency. 
 

 
Figure 7. Effect of rib thickness on fundamental frequency for 

stationary beam 

 

 

 
 

Figure 8. Effect of rib thickness at different speeds on 

(a) Stress and (b) deflection 
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Table 3. Variation of fundamental frequency with rib thickness at 

different speeds 
 

rpm 
Rib thickness (mm) 

2.5 5 7.5 10 12.5 

2000 43.944 43.951 43.959 43.967 43.974 

2500 54.219 54.230 54.240 54.251 54.262 

3000 64.518 64.532 64.545 64.560 64.573 

 
4.4. Case 4: Effect of Rib Location 

For this case the transverse rib will be located at 

different places away from the fixed edge of the beam, 

the mass of this beam remains constant 31.212 gm. 

For the stationary beam, increasing rib distance 

decreases the fundamental frequency as shown in Figure 

9. The best rib location is at distance 3.75 mm from the 

fixed edge which results in a 2.5 mm gap between the rib 

and the fixed edge, these results in a fundamental 

frequency equal 8.998 Hz. 

 
 

Figure 9. Effect of transverse rib location on fundamental frequency for 

stationary beam 
 

For the rotating beams, increasing rib location 

decreases the stress and increases the deflection, while 

increasing the rotational speed increases both the stress 

and beam deflection as listed in Tables 4 and 5, 

respectively. The variation of the fundamental frequency 

with rib location at different rotational speeds is shown in 

Figure 10. It can be noted that increasing rib distance 

from the fixed edge decreases the frequency, the 

transverse rib acts as an added mass to the beam, and 

increasing rotational speed increases the frequency. The 

best frequency results were 44.00, 54.292, 64.609 Hz 

which were obtained at 2000, 2500, and 3000 rpm, 

respectively. 

 
Table 4. Variation of stress with rib location at different rpm 

 

rpm 
Rib location (mm) 

2.5 3.75 5 10 20 50 

2000 9.611 8.710 8.251 7.617 7.723 7.737 

2500 14.75 13.40 12.69 11.72 11.89 11.80 

3000 21.03 19.13 18.12 16.75 16.99 16.84 

 
Table 5. Variation of deflection with rib location at different rpm 

 

rpm 
Rib location (mm) 

2.5 3.75 5 10 20 50 

2000 4.77 4.77 4.77 4.77 4.78 4.79 

2500 4.87 4.86 4.859 4.866 4.870 4.883 

3000 5.028 5.02 5.015 5.021 5.023 5.039 

 

 

 
Figure 10. Effect of rib location on fundamental frequency for rotating 

beam at (a) 2000 rpm, (b) 2500 rpm and (c) 3000 rpm 

 

 

 

Figure 11. Hollow beam with transverse ribs 
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4.5. Case 5: Effect of Rib Number 

In this case, multiple transverse ribs were added to the 

beam, each rib is 2.5 mm thickness and the distance 

between the ribs is 2.5 mm too as shown in Figure 11.  

For the stationary beam, it was noted that increasing 

the number of ribs increases the fundamental frequency 

up to a maximum value then the frequency decreases as 

shown in Figure 12. The best number of ribs was 30 

which results in a fundamental frequency equal 9.24 Hz. 

The resulting mass was 36.758 grams, i.e., 59.99% infill. 

 

 
 

When the beam is subjected to different rotational 

speeds, the variation of stress and deflection is shown in 

Figure 13. It can be noted that stress and deflection are 

directly affected by increasing the number of transverse 

ribs and the rotational speed. 

Increasing rib number and rotational speed increases 

the frequency as shown in Figure 14. Increasing rib 

number increases the inertia forces due to the increase in 

mass of the beam. 30 transverse ribs were considered as 

they give the best fundamental frequency for the 

stationary beam. For this number of ribs, the resulting 

frequency were 44.328, 54.699, 65.099 Hz for 2000, 

2500 and 3000 rpm, respectively. 

 

 

 
Figure 13. Effect of transverse rib number at different speeds on  

(a) Stress and (b) Deflection 
 

 

 
Figure 14. Effect of rib thickness on fundamental frequency for rotating 

beam (a) 2000 rpm, (b) 2500 rpm and (c) 3000 rpm 
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4.6. Case 6: Effect of Longitudinal Ribs Length 

In this case, the beam contains 30 transverse ribs and 

five longitudinal ribs. The longitudinal ribs are 2.5 mm 

thickness with a distance of 2.5 mm between them and 

variable length as shown in Figure 15.  

For stationary beam, increasing the rib length up to 

150 mm increases the fundamental frequency up to 9.49 

Hz then the frequency decreases with increasing the rib 

length as shown in Figure 16. The frequency is affected 

by both the mass and beam stiffness, therefore when the 

rib length is less than 150 mm, the frequency increases 

due to increase in beam stiffness while for longer beams 

the decrease in frequency is due to increase in beam 

mass. Adding five 150 mm longitudinal ribs improves the 

fundamental frequency by 33.45%, the corresponding 

beam mass is 39.627 grams, i.e., 64.65% infill. 

The effect of rotating speed on stress and deflection is 

shown in Figure 17. It can be noted that the rib length of 

150 mm results in the minimum stress. 

 

 
 

Figure 15. Hollow beam with longitudinal ribs 

 

 
Figure 16. Effect of longitudinal rib length on fundamental frequency 

for stationary beam 

 

 

 
Figure 17. Effect of longitudinal rib length on  

(a) stress (b) deflection at different speeds 
 

The fundamental frequency is directly influenced by 

both rib length and rotational speed as shown in Figure 

18. The rib length 150 mm was considered, the resulting 

frequencies were 44.51, 54.85, 65.35 Hz for 2000, 2500 

and 3000 rpm, respectively. 

 

 
Figure 18. Effect of rib length on fundamental frequency for rotating 

beam (a) 2000 rpm, (b) 2500 rpm and (c) 3000 rpm 
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5. CONCLUSIONS 

In the present work, cantilever 3D printed beams were 

numerically modelled by using SolidWorks as the finite 

element analysis software. Acrylonitrile butadiene 

styrene (ABS) thermoplastic was employed to conduct 

the modeled. The novelty of this study highlights the 

ability of using 3D printing process effectively to print a 

functionally graded material beam by adding internal ribs 

in certain distribution to the hollow beam. Adding the 

ribs increases the natural frequencies of the FGM beam in 

comparison with solid beam having the same material 

and dimensions 

The results show that for hollow printed beam, 

increasing wall thickness increases the mass of the beam 

and therefore decreases its fundamental frequency. 

Increasing the rotational speed increases the pre-stresses 

created in the beam, this increases the beam natural 

frequencies and mode shapes. The transverse rib acts as 

an added mass to the beam, moving it away from the 

fixed edge decreases the fundamental frequency. 

Although increasing the number of transverse ribs 

increases the mass of the beam but it increases the inertia 

forces and in turn increases the fundamental frequency. 

Adding additional longitudinal ribs to a portion of the 

hollow beam will turn it into a functionally graded 

material beam. Although adding ribs increases the mass 

of the printed hollow beam up to 39.627 grams which 

represents 64.65% infill, the fundamental frequency can 

be improved by 33.45% compared with the solid beam 
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